We present a new computation of S-wave color-singlet nonrelativistic QCD matrix elements for the J/ψ and the η c . We compute the matrix elements of leading order in the heavy-quark velocity v and the matrix elements of relative order v 2 . Our computation is based on the electromagnetic decay rates of the J/ψ and the η c and on a potential model that employs the Cornell potential. We include relativistic corrections to the electromagnetic decay rates, resumming a class of corrections to all orders in v, and find that they significantly increase the values of the matrix elements of leading order in v. This increase could have important implications for theoretical predictions for a number of quarkonium decay and production processes. The values that we find for the matrix elements of relative order v 2 are somewhat smaller than the values that one obtains from estimates that are based on the velocity-scaling rules of nonrelativistic QCD.
I. INTRODUCTION
In the nonrelativistic quantum chromodynamics (NRQCD) factorization formalism [1], heavy-quarkonium decay and production rates are expressed as sums of short-distance coefficients times NRQCD operator matrix elements. The matrix elements in these sums scale as powers of v, the typical heavy-quark (or antiquark) velocity in the quarkonium rest frame.
Hence, the sum in the NRQCD factorization expression can be thought of as an expansion in powers of v. The term that is proportional to the matrix element of leading order in v often gives the dominant contribution in decay and production processes. The leading-order matrix element involves the production or annihilation of a heavy quark-antiquark (QQ) pair in a color-singlet state. The term that is proportional to the matrix element of relative order v 2 gives the first relativistic correction. This order-v 2 matrix element also involves the production or annihilation of a heavy QQ pair in a color-singlet state.
In the vacuum-saturation approximation . In this approximation, the color-singlet decay matrix elements are equal to color-singlet production matrix elements.
These vacuum-saturation matrix elements are also the relevant ones for purely electromagnetic decay and production processes and for exclusive decay and production processes. The vacuum-saturation matrix element at leading order in v is proportional to the square of the quarkonium wave function at the origin. In this paper, we compute the vacuum-saturation matrix elements of leading order in v and of relative order v 2 for the J/ψ and η c states.
The analysis of these matrix elements for the J/ψ state differs in several respects from a previous one involving some of the authors [2] . In that analysis, the matrix element at leading order in v was obtained by comparing the theoretical expression for the decay width Γ[J/ψ → e + e − ] with the experimental measurement. The theoretical expression that was used in that analysis included the order-α s correction, but not the relativistic corrections. In the present paper, we include those relativistic corrections. The matrix element of relative order v 2 is determined from a potential-model calculation [2] that uses the leading-order matrix element as an input. The relativistic corrections to Γ[J/ψ → e + e − ] in turn depend upon that order-v 2 matrix element. Hence, the leading-order and order-v 2 matrix elements are related through a coupled pair of nonlinear equations, which we solve numerically.
We obtain values for the η c matrix elements in two different ways and average the results. by taking the values that we obtain for the J/ψ matrix elements and appending additional error bars that take into account the order-v 2 corrections to the heavy-quark-spin-symmetry relation.
Because the two sets of values for the η c matrix elements that we obtain in this way have input parameters (such as the heavy-quark mass and the string tension) in common, the uncertainties in these matrix elements are highly correlated between sets and between matrix elements within a set. Therefore, we carry out a covariance-matrix analysis to compute the average. The J/ψ and η c matrix elements are also highly correlated. Such correlations could be important in applications of our results to calculations involving both the J/ψ and the η c and/or order-v 2 corrections. Therefore, we present tables showing the variations of each of the matrix elements with respect to the various sources of uncertainty and also give the covariance matrix that corresponds to these variations.
A further refinement that we include in this work is to resum a class of relativistic corrections [2] to Γ[J/ψ → e + e − ] and Γ[η c → γγ]. First, we consider all corrections that arise from matrix elements involving only color-singlet QQ Fock states. By making use of a generalization of the Gremm-Kapustin relation [2, 3] , we can determine all of these matrix elements, up to corrections of relative order v 2 , from the leading-order and order-v 2 matrix elements. The simple expressions that result can easily be summed to all orders in v. This resummation is equivalent to retaining all of the relativistic corrections that are contained in a potential-model QQ wave function, up to the ultraviolet cutoff of the NRQCD matrix elements.
Because the expressions for the matrix elements of order v 2 and higher are accurate only up to corrections of relative order v 2 , the uncertainty in the resummed expression is of order v 4 relative to the leading-order expression. That is, the nominal accuracy in v is no higher than that of a fixed-order calculation through relative order v 2 . However, if the relativistic corrections to a given process that arise from the QQ Fock-state wave function have particularly large coefficients in the v expansion, then the use of the resummed expression may improve the numerical accuracy. Furthermore, the resummation may give an indication of the rate of convergence of the v expansion. In any case, it is generally desirable to include in a calculation a well-defined, if incomplete, set of contributions whenever possible.
The remainder of this paper is organized as follows. In Sec. II, we review the definitions of the S-wave NRQCD matrix elements at the leading and higher orders in v, and we give the relations of these matrix elements to the quarkonium wave functions. We also introduce the generalized Gremm-Kapustin relation for an S-wave quarkonium state, which expresses matrix elements of higher order in v in terms of the matrix element of leading order in v and the binding energy. The generalized Gremm-Kapustin relation allows us to resum a class of relativistic corrections to quarkonium decay to all orders in v. In Sec. III, we present the resummed formulas for the electromagnetic decay widths of the J/ψ and the η c . Sec. IV contains a description of the potential-model method that we use to compute the binding energy of the S-wave states and, through the generalized Gremm-Kapustin relation, the NRQCD matrix elements of higher order in v. In Sec. V, we compute the numerical values of the NRQCD matrix elements for the J/ψ and the η c . We compare our results for the matrix elements with those from previous determinations in Sec. VI. Finally, we summarize our results in Sec. VII.
II. NRQCD MATRIX ELEMENTS
A. Decay and production matrix elements
In the cases of the inclusive decays of spin-singlet and spin-triplet S-wave quarkonium states, such as the η c and the J/ψ, the matrix elements at the leading power in v are
where H is a quarkonium state, 2s+1 S J is the standard spectroscopic notation for a state with spin angular momentum s, orbital angular momentum zero, and total angular momentum J, ψ is a two-component Pauli spinor that annihilates a heavy quark, χ is a two-component
Pauli spinor that creates a heavy antiquark, and σ i is a Pauli matrix. The subscript 1 on an NRQCD operator O indicates that it is a color-singlet operator.
Similarly, in the case of the inclusive production of spin-singlet and spin-triplet S-wave quarkonium states, the matrix elements at the leading power in v are
where the sum is over the light degrees of freedom X and the 2J +1 quarkonium polarizations.
In the vacuum-saturation approximation [1], which is valid up to corrections of relative order v 4 , the decay matrix elements in Eq.
(1) and 1/(2J + 1) times the production matrix elements in Eq. (2) both reduce to
in the spin-singlet and spin-triplet cases, respectively. In Eq. (3b), the quarkonium polarization vector is denoted by ǫ, and there is no sum over the polarization states of the quarkonium. In the cases of purely electromagnetic decay or production or exclusive decay or production, the matrix elements in Eq. (3) are the relevant ones at leading order in v.
The first relativistic corrections to inclusive S-wave decay and production involve operators that are analogous to those in Eqs.
(1) and (2), but that contain a factor of (− (1) and (2) . The corresponding matrix elements reduce in the vacuum-saturation approximation to
In the cases of purely electromagnetic production or decay or exclusive production or decay, the matrix elements in Eq. (4) are the relevant ones.
Corrections of still higher orders in v 2 involve, among other matrix elements, those in which higher powers of (−
It is convenient to define ratios of these matrix elements to the matrix elements of lowest order in v :
where q is half the relative three-momentum of the Q andQ in the quarkonium rest frame.
In this paper, we compute the quantities
VS J/ψ , which are given by Eq. (3), and the quantities q 2r ηc and q 2r J/ψ , which are given by Eq. (5). As we shall see, the higher-order ratios in Eq. (5) can be related to the lowest-order ones by making use of a generalization of the Gremm-Kapustin relation [2, 3] .
As is discussed in Ref. [2] , the higher-order matrix elements in Eq. (5) contain power ultraviolet divergences and require regularization. In this paper, we regulate these power divergences dimensionally at the one-loop level. One-loop dimensional regularization of the matrix elements is appropriate for use in conjunction with one-loop calculations of the short-distance coefficients.
B. Relations of NRQCD matrix elements to quarkonium wave functions
In the rest frame of an S-wave heavy quarkonium H in a spin-singlet ( 1 S 0 ) or spin-triplet Relativistic corrections to the production and decay rates for a heavy quarkonium involve matrix elements that are related to derivatives of the wave function at the origin:
Usually, these operator matrix elements are written in terms of the covariant derivative 
Comparing Eq. (7) with Eq. (5), we see that
One can also define matrix elements of powers of the heavy-quark velocity in terms of matrix elements of powers of the heavy-quark momentum:
where m Q is the heavy-quark mass.
C. The generalized Gremm-Kapustin relation
From the effective field theory known as potential NRQCD (pNRQCD) [4] , it follows that one can compute the wave functions at the origin and derivatives of wave functions at the origin in Eq. (9), up to errors of relative order v 2 , from the Schrödinger wave function for a heavy QQ pair interacting through the leading (static) spin-independent QQ potential. It was shown in Ref. [2] that, in the case of a spin-independent potential and for dimensionally regulated matrix elements, the ratios in Eq. (9) are related through the generalized GremmKapustin relation:
where ǫ nS is the binding energy of the QQ pair in the quarkonium state H with principal quantum number n and orbital angular momentum S, and m is the heavy-quark mass in the effective theory pNRQCD. The relation (11) follows from the equations of motion of the QQ pair and from dimensional regularization of the matrix elements at the one-loop level, provided that the potential is parametrized as a sum of constants times powers of the QQ separation. The Cornell potential [5] , which we will employ later in this paper, is parametrized in this way. We note that Eq. (11) implies that
up to corrections of relative order v 2 .
We will use Eq. (11) to determine the quantities q 2r ηc and q 2r J/ψ . In order to evaluate the ground-state binding energy ǫ 1S , we will make use of a potential model that is based on the Cornell potential.
III. FORMULAS FOR ELECTROMAGNETIC DECAYS OF S-WAVE HEAVY

QUARKONIA
In this section, we present the NRQCD factorization expressions for the electromagnetic decay widths Γ[H(
In subsequent parts of this paper, we will apply these formulas to the decays J/ψ → e + e − and η c → γγ.
The NRQCD factorization formula for the amplitude for the decay H(
where m H is the quarkonium mass, the d n ( 3 S 1 ) are short-distance coefficients, and the O n are NRQCD operators. The prefactor √ 2m H compensates for the fact that the hadronic NRQCD operator matrix elements conventionally have nonrelativistic normalization, while we choose the amplitude on the left side of Eq. (13) to have relativistic normalization. Now we approximate the formula (13) by retaining only those operator matrix elements that connect the vacuum to the color-singlet, QQ Fock state of the quarkonium H. Then, we have
where the short-distance coefficients c i n ( 3 S 1 ) are a subset of the short-distance coefficients d n in Eq. (13). We will clarify the meaning of the approximation that we have taken to arrive at Eq. (14) below.
Because the c i n ( 3 S 1 ) are insensitive to the long-distance nature of the hadronic state, we can calculate them by replacing the initial hadronic state √ 2m H |H( 3 S 1 ) in Eq. (14) with a perturbative spin-triplet S-wave QQ state:
The factor √ 2m H is absent in Eq. (15) because we use the same (relativistic) normalization for the QQ state on both sides of Eq. (15).
In the rest frame of the quarkonium, the perturbative amplitude on the left side of Eq. (15) at order α
where e is the electromagnetic coupling constant, e Q is the electric charge of the heavy quark, ǫ is the polarization vector for the spin-triplet state, L is the leptonic current, and E(q) = 
The factor 2E(q) arises from the relativistic normalization of the QQ state. By comparing Eqs. (15) and (16), one can read off the short-distance coefficients c i n ( 3 S 1 ):
Substituting the c i n ( 3 S 1 ) in Eq. (18) into Eq. (14), using Eq. (12), and including the order-α s correction to the amplitude [7, 8] , we obtain
where f (x) is defined by
Now we can clarify the meaning of the approximation that was taken to arrive at Eq. (14) .
Suppose that we specialize to the Coulomb gauge. Then, we can drop the gauge fields in covariant derivatives in the matrix elements in Eq. (14), making errors of relative order 
with respect to the wavefunction momentum. Hence, Eq. (14) has the interpretation of the convolution of the shortdistance amplitude with the momentum-space quarkonium wave function, where the shortdistance coefficients have been Taylor expanded with respect to the wave-function momenta.
Therefore, we see that the approximate NRQCD expansion in Eq. (14) includes all of the relativistic corrections that are contained in the color-singlet QQ quarkonium wave function, up to the ultraviolet cutoff of the NRQCD matrix elements.
1
We note that, in the quarkonium rest frame, the square of the spatial part of the leptonic factor L, summed over lepton spins, is given by
wherek = k/|k| and k is the three-momentum of the e − in the quarkonium rest frame. The temporal parts of spins L µ L * ν vanish in the quarkonium rest frame.
We obtain the leptonic decay width of the spin-triplet S-wave heavy quarkonium by taking the square of the amplitude (19) , summing over lepton spins using Eq. (21), averaging over the H( 3 S 1 ) polarization states, and multiplying by the two-body phase space and the normalization (2m H ) −1 . The result is [6, 9] Γ[H(
where α = e 2 /(4π). In Eq. (22), the explicit relativistic corrections are contained in the term
In addition, there are implicit relativistic corrections that are contained in the factors m H . Strictly speaking, if one were to compute the decay amplitude completely with the framework of NRQCD, then m H would be written as 2E(q) and expanded in powers of |q|/m Q to obtain additional relativistic corrections. (See, for example, Refs. [6, 10] .) However, we note that the factor 1/m 2 H in Eq. (22) is clearly identifiable as arising from the photon propagator and the leptonic current, and, so, it is not necessary to treat that factor within the framework of NRQCD. We choose not to apply the nonrelativistic expansion of NRQCD to the factor 1/m 2 H . That is, we apply NRQCD only to the heavy-quark factor in the amplitude. This choice reduces the theoretical uncertainties by making use of the fact that the quarkonium masses are known very precisely. 
Employing a method analogous to that which is given in Sec. III A, one can obtain the NRQCD factorization formula for the relativistic corrections to the two-photon decay of a spin-singlet S-wave quarkonium state H( 1 S 0 ).
where the d n ( 1 S 0 ) are short-distance coefficients. We approximate this expression by keeping only those matrix elements that connect the vacuum to the color-singlet QQ Fock state in the quarkonium. Then, we have
As in the spin-triplet case, this modified NRQCD factorization formula retains all of the relativistic corrections that are contained in a potential-model QQ wave function, up to the ultraviolet cutoff of the NRQCD matrix elements.
We can calculate the short-distance coefficients c n ( 1 S 0 ) by replacing the initial hadronic (24) with a perturbative spin-singlet S-wave QQ state:
In the rest frame of the quarkonium, the perturbative amplitude on the left side of Eq. (25) at order α 0 s is given by [6] A
where k i and ǫ i are the momentum and the polarization of the i-th photon. The perturbative NRQCD matrix elements on the right side of Eq. (25) are given by
By comparing Eqs. (25) and (26), one can read off the short-distance coefficients c n ( 1 S 0 ):
Substituting the c n ( 1 S 0 ) in Eq. (28) into Eq. (24), using Eq. (12), and including the order-α s correction to the amplitude [13] [14] [15] , we obtain
where g(x) is defined by
Squaring the amplitude (29) , summing over the photon polarizations, multiplying by the phase space and 1/2! for the two identical particles in the final state, and dividing by the normalization 2m H , we obtain the two-photon decay width of a spin-singlet S-wave heavy quarkonium:
In the formula (31), we have omitted the order-α 2 s corrections to the decay amplitude [16] . As we discussed in the case of the leptonic width of a spin-triplet S-wave quarkonium, the order-α 2 s corrections contain a dependence on the NRQCD factorization scale and can only be used consistently in conjunction with calculations of other quarkonium processes through order α 2 s .
IV. POTENTIAL MODEL
As we have explained earlier, in order to compute the higher-order matrix elements that appear in Eq. (5), we need to compute the ground-state binding energy ǫ 1S that appears in the generalized Gremm-Kapustin relation (11) . In this section, we describe briefly the potential model that we use to compute ǫ 1S . For details of the model, we refer the reader to Refs. [2, 5] .
The model makes use of the Cornell potential [5] , which parametrizes the QQ potential as a linear combination of the Coulomb and linear potentials:
where κ is a dimensionless model parameter for the Coulomb strength and σ is the string tension, which is of mass dimension two. In the original formulation of the Cornell potential model [5] , the strength of the linear potential was given in terms of a parameter a, where
By varying the parameters in the Cornell potential, one can obtain good fits to lattice measurements of the QQ static potential [17] . Therefore, we assume that the use of the Cornell parametrization of the QQ potential results in errors that are much less than the order-v 2 errors (about 30%) that are inherent in the leading-potential approximation to NRQCD.
The Schrödinger equation for the radial wave function R nℓ (r) with the radial and orbital angular-momentum quantum numbers n and ℓ is
where m is the quark mass and ǫ nℓ is the binding energy of the nℓ state. We treat m as a parameter of the potential model and note that it is, in general, different from the heavyquark mass m Q , which appears in the short-distance coefficients of NRQCD factorization formulas. As usual, for an S-wave state, the wave function is ψ nS (r) = R nS (r)/ √ 4π.
Introducing the scaled radius ρ and scaled coupling λ [5] ,
which are dimensionless, one can rewrite the radial equation (34) as [5] 
where u nℓ (ρ) and ζ nℓ are the dimensionless radial wave function and the dimensionless energy eigenvalue of the nℓ state. The relation between R nℓ (r) and u nℓ (ρ) is
where the wave functions are normalized according to
The binding energy is related to the dimensionless eigenvalue ζ nℓ as
Now let us specialize to the S-wave case. In order to compute ǫ nS from Eq. (39), we must fix the model parameters σ, m, and λ and solve Eq. (36), with ℓ = 0, for ζ nS (λ). Our strategy is to fix σ from lattice measurements and to use the measured 1S-2S mass splitting and |ψ nS (0)| 2 , as determined from the electromagnetic decay widths, to solve for m and λ.
Using Eq. (39), we can express m in terms of the 1S-2S mass splitting:
For S-wave states, the wave function at the origin ψ nS (0) = R nS (0)/ √ 4π can be expressed as [5] 
where F nS (λ) is the expectation value of 1/ρ 2 for the nS state:
The first equality in Eq. (41) can be obtained by multiplying the radial Schrödinger Equation (34) on the left by R * nS (r) and integrating by parts. For purposes of computation of the NRQCD matrix elements, it is convenient to express those matrix elements in terms of the potential-model parameters. From Eqs. (39) and (41) and the generalized Gremm-Kapustin relation (11), we find that
where m(λ) is given in Eq. (40) and F 1S (λ) is given in Eq. (42).
V. COMPUTATION OF THE NRQCD MATRIX ELEMENTS
In this section, we determine the numerical values of the NRQCD matrix elements for the J/ψ and the η c . In this and subsequent discussions, we drop the superscript VS on O 1 VS H because other sources of uncertainty, which we will describe, are much larger than the error in the vacuum-saturation approximation.
A. Method of computation
Were it not for the relativistic corrections in the decay widths in Eqs. (22) and (31) In carrying out the numerical computation, we need values for the charm-quark mass m c , the string tension σ, and the 1S-2S mass splitting. In order to maintain consistency with the calculations of the electromagnetic decay widths of the J/ψ and the η c at NLO in α s , we take m c to be the pole mass. The specific numerical value that we use is
We fix the string tension σ by making use of lattice measurements. From Ref. [19] , we find that σa 2 L = 0.0114(2) at a lattice coupling β = 6.5, where a L is the lattice spacing. Lattice calculations of the hadron spectrum at β = 6.5 yield values for 1/a L of 3.962(127) GeV (Refs. [20, 21] ) and 3.811(59) GeV (Refs. [20, 22] ). These result in values for the string tension of σ = 0.1790±0.0119 GeV 2 and σ = 0.1656±0.0059 GeV 2 , respectively. Combining these two values, we obtain
For the 1S-2S mass splitting, we take the mass difference between the J/ψ and ψ(2S) [18] :
We use m J/ψ = 3.096916 GeV and m ηc = 2.9798 GeV [18] . We also need values for α s . In the case of J/ψ → e + e − , we choose the scale of α s to be that of the momentum transfer at the virtual-photon-charm-quark vertex, namely, m J/ψ . In the case of η c → γγ, we choose the scale of α s to be that of the momentum transfer at either of the photon-charm-quark vertices, namely, m ηc /2. 3 In order to take into account uncertainties in the scale and omitted corrections to the decay rates of next-to-next-to-leading order (NNLO) in α s , we attach an uncertainty to α s whose relative size is α s . Then, we have
We choose the scales for the running QED coupling α to be the same as those for α s :
where we ignore the uncertainties in α.
In the case of the η c matrix elements, we actually make use of two methods of computa- In averaging the two sets of η c matrix elements, we must take into account the fact that many of the uncertainties are correlated between the two sets. We describe the procedure that we use for doing this in detail in the next section.
3 We compute α s and α at each scale by making use of the code GLOBAL ANALYSIS OF PARTICLE PROPERTIES (GAPP) [23] .
B. Sources of uncertainties
Let us now list the various uncertainties that enter into the calculations of the matrix elements. There is a theoretical uncertainty in the value of q by invoking the heavy-quark spin symmetry, there is an uncertainty from corrections to the spin symmetry, which applies to the latter set of matrix elements. We take it to be v 2 ≈ 30%
times the values of that set of matrix elements. Since q 2 J/ψ already has an uncertainty ∆ q 2 J/ψ of order v 2 , we apply this additional order-v 2 uncertainty only to O 1 J/ψ . We denote it by ∆v 2 .
In making these uncertainty estimates, we have assumed that the standard NRQCD power-counting (velocity-scaling) rules [1] hold. Various alternatives to the NRQCD powercounting rules have been suggested [4, 24, 25] . Application of these alternative rules would affect our estimate of the correction to the heavy-quark spin symmetry, ∆v 2 , and our estimates of the corrections to the static potential, ∆ q 2 J/ψ and ∆ q 2 ηc . In the standard NRQCD power-counting rules, ∆v 2 is of relative order v 2 . In the strong-coupling regime of
Refs. [4, 24] and in the power-counting rules of Ref. [25] , ∆v 2 is of relative order Λ QCD /m c , which is actually smaller numerically than v 2 . The leading correction to the static potential is denoted by V (1) /m (Ref. [4] ). In the standard NRQCD power-counting rules, V (1) /m is suppressed as v 2 relative to the static potential. In the strong-coupling regime of Refs. [4, 24] and in the power-counting rules of Ref. [25] , V (1) /m is of the same order as the static potential [24, 26] . In the lattice calculation of Ref. [27] , V (1) /m corrects the string tension by about 17%, which is numerically smaller than v 2 . Other lattice calculations [28] [29] [30] also suggest that terms of higher order in the standard NRQCD power counting are suppressed at least as much as would be expected from the standard power counting. Therefore, we believe that the standard NRQCD power-counting rules give an upper bound on the uncertainties, and we use them for our uncertainty estimates. One could implement the alternative power- 
In the first equalities in Eqs. (50) and (51), the uncertainties are presented in the same order as in Tables I and II . In the last equalities in each of these equations, we have added the uncertainties in quadrature. However it must be kept in mind for many applications that the individual uncertainties are correlated between the matrix elements. The correlations can be determined from the tabulations in Tables I and II. From Eqs. (10) However, they are consistent with being of order v 2 .
We can see the effect of resummation by repeating our analysis, but keeping only the order-v 2 corrections in the formulas for the decay rates in Eqs. (22) 
Average values of η c matrix elements
Because some of the uncertainties in Tables I and II Table III . The first row after the headings in Table III In the first equalities in Eq. (53), the uncertainties are presented in the same order as in Table III . In the last equalities, we have added the uncertainties in quadrature. As we have mentioned, it must be kept in mind for many applications that the individual uncertainties are correlated between the matrix elements. The correlations can be determined from the tabulations in Table III .
The correlated errors can also be expressed conveniently in terms of a correlation matrix. We construct a (symmetric) correlation matrix whose rows and columns correspond to O 1 J/ψ , q 2 J/ψ , O 1 ηc , and q 2 ηc , respectively, taking the deviations from the central values from Table I and Table III . The result is 2.04 × 10
where the quantity in i-th row and j-th column is expressed in units of GeV n i +n j , with n 1 = n 3 = 3 and n 2 = n 4 = 2. In charmonium decay and production processes, the NRQCD short-distance coefficients typically depend on m c . Hence, there may be correlations between the matrix elements and short-distance coefficients with respect to the uncertainty in m c . Therefore, we also give the correlation matrix for O 1 J/ψ , q 2.03 × 10
where the dimensions of the elements of C 2 are the same as those of the corresponding elements of C 1 in Eq. (54). We note that both correlation matrices C 1 and C 2 contain large off-diagonal elements that correspond to a correlation between the uncertainty in q 
VI. COMPARISONS WITH PREVIOUS CALCULATIONS
Our results for the matrix elements can be compared with those in Ref. [10] . In that given. In the case of O 1 J/ψ , our result is 31% larger than that in Ref. [10] . Approximately In Ref. [10] , the values q formula and the experimental rate. The theoretical expressions that were used in Ref. [32] to obtain these results contain the QCD corrections of relative order α s and the relativistic corrections of order v 2 . Taking m c = 1.5 GeV, which is the value that is used in Ref. [32] , we find that the results given in Ref. [32] yield q In that expression, the coefficient of the contribution that is proportional to q 
VII. SUMMARY
For many S-wave heavy-quarkonium decay and production processes, the color-singlet S-wave NRQCD matrix elements of leading order in v enter into the dominant theoretical contribution. The first relativistic corrections to these processes involve the matrix elements of relative order v 2 .
We have computed the color-singlet S-wave NRQCD matrix elements of leading order In the theoretical expressions for the electromagnetic decay widths, we made use of the generalized Gremm-Kapustin relation (11) (Ref. [2] ) to resum a class of relativistic corrections. This resummation includes all of the relativistic corrections that are contained in the leading-potential approximation to the quarkonium QQ color-singlet wave function, up to the ultraviolet cutoff of the NRQCD matrix elements.
There are many sources of uncertainties in our calculation. Some of these are correlated among the matrix elements. Therefore, we reported the variations of the matrix elements with respect to each source of uncertainty. Our principal results are given in Tables I, II , and III and are summarized in Eqs. (50), (51), and (53) for the matrix elements that were determined from Γ[J/ψ → e + e − ], the matrix elements that were determined from Γ[η c → γγ], and the average of the two, respectively. We consider the results in Table III and Eq. (53) to be our best values for the η c matrix elements.
In applying these results to calculations of quarkonium decay and production rates, it should be kept in mind that the uncertainties are highly correlated between matrix elements and that there are correlations between matrix elements and short-distance coefficients with respect to the uncertainties in m c . Therefore, it may be necessary to use all of the information that is contained in Tables I, II , and III, rather than to rely on the summaries in Eqs. (50), (51), and (53).
Our results in Tables I and II From Eq. (52), it can be seen that our results satisfy this expectation, although they are somewhat smaller than the nominal value of v 2 .
As we have discussed in Sec. V C 1, the effects from resummation on our results are small, Our results for O 1 J/ψ and O 1 γγ ηc are considerably larger than those in Ref. [10] , primarily because we have included relativistic corrections to the electromagnetic decay rates in the present work. The changes in the values of these matrix elements would significantly increase the rate for the process e + e − → J/ψ + η c that is calculated in Ref. [10] .
Our result for q 2 J/ψ agrees, within uncertainties, with that in Ref. [2] , but is slightly smaller. Most of this difference arises from the fact that, in Ref. [2] , the value of O 1 J/ψ was taken from Ref. [10] .
In Ref. [32] , a much smaller value for q Our results for O 1 J/ψ and q 2 J/ψ are in agreement with those from lattice calculations [28] , although the lattice uncertainties are much larger than ours.
We believe that the values that we have obtained for the J/ψ and η c color-singlet NRQCD matrix elements are the most precise ones that are available to date. The new values for the matrix elements of leading order in v should have a significant impact on the calculations of a number of charmonium decay and production processes [33] . For quite a few charmonium processes, it is clear that relativistic corrections are important. Within the framework of NRQCD, the matrix elements of order v 2 are essential ingredients in calculating those corrections. We have also attempted to quantify all of the significant theoretical uncertainties in our determination of the J/ψ and η c color-singlet matrix elements. Our treatment of uncertainties could provide the basis for more reliable estimates of theoretical uncertainties in future calculations of charmonium decay and production rates.
